ABSTRACT. The aim of the paper is a characterization of the lattice of all weak subgroupoids of a partial groupoid. It also extends to arbitrary finite algebras Pióro's result saying that the weak subgroupoid lattice of a finite commutative groupoid G in which g·h = g (for all g, h ∈ G) uniquely determines its subgroupoid lattice.
Introduction
W. Bartol [2] completely characterized the lattices of weak subalgebras of partial algebras. These are distributive algebraic lattices with additional properties concerning their join-irreducible elements. He also showed that for two unary algebras of arbitrary unary types their weak subalgebra lattices are isomorphic if and only if their undirected graphs (representing operations) are isomorphic.
K. Pióro [7] characterized lattices of all weak subgroupoids of partial finite commutative groupoids satisfying g·h = g for all elements g, h. To do this he used his results from [5] concerning directed hypergraphs. In [7] he further showed that the weak subgroupoid lattices of finite commutative groupoids satisfying g · h = g, for all elements g, h, uniquely determine their subgroupoid lattices. We extend this result first to arbitrary finite groupoids, and then even to arbitrary finite algebras. For locally finite unary algebras of finite unary type the result was proved by Pióro in [4] . The same author then studied the weak subalgebra lattices for a given infinite unary type in the present journal in [6] .
Our focus is on a characterization of the lattices of weak subgroupoids. Only the last theorem of the paper is devoted to the lattices of weak subalgebras of finite partial algebras where we use some Bartol's results [2] . We first recall terminology and some results of [2] . Then we switch to the theory of partial groupoids.
We shall study partial algebras A = A; (f (A) t ) t∈T of type τ = ((f t ) t∈T ) where A is a universe of A and f (A) t is an n(f t )-ary partial operation on A, for each t ∈ T . We shall write briefly A; f
The set of all weak subalgebras of a partial algebra A will be denoted by S w (A). It not hard to see that (S w (A), ≤) with the usual ordering is a complete lattice. The following basic observations of [2] say more.
) t∈T be a partial algebra. 
t∈T is an atom of the lattice S w (A) if and only if B = {a} for an element a ∈ A and f 
Remark 1.3º
(i) While the least element of a lattice is usually not considered to be joinirreducible, we respect Bartol's choice in (c) above as the matter of a preference.
(ii) Consider a weak subalgebra B = B, (f
= ∅ for at least two distinct elements t 1 , t 2 ∈ T . Then B can be in S w (A) expressed as the join of the weak subalgebras
Hence such a weak subalgebra B cannot be join-irreducible. = ∅ for all t ∈ T . Hence such a weak subalgebra cannot be join-irreducible, too.
The proof of the following lemma is straightforward. (b) D = B and there are t ∈ T and elements a 1 , . . . , a n(f t ) , a ∈ A for which
, and
Weak subgroupoid lattices
The lattice of all weak subgroupoids of a partial groupoid G will be denoted by S w (G). We shall assume that the considered groupoids are non-trivial.
From Lemma 1.2(d) it follows that every join-irreducible element of S w (G) is completely join-irreducible. The next lemma describes the (completely) joinirreducible elements in the lattice S w (G) of all weak subgroupoids of a partial non-trivial groupoid G.
Ä ÑÑ 2.1º The lattice S w (G) of all weak subgroupoids of a non-trivial partial groupoid G = (G, f ) contains (completely) join-irreducible elements of (at most) four types:
(T0) the least element (∅, ∅) and the atoms {a}, ∅ , for a ∈ G;
Let us consider the latter case. The equality a = b = c leads to the type (T1) while the subcases |{a, b, c}| = 2 and |{a, b, c}| = 3 lead to the types (T2) and (T3), respectively.
be an algebraic distributive lattice. We shall denote:
(ii) by I(L) the set of all join-irreducible elements of L covering the atoms or joins of pairs of atoms; (iii) by J(L) the set of all join-irreducible elements of L covering joins of triples of atoms p ∨ q ∨ r, where p, q, r are mutually distinct;
Remark 2.3º a) With respect to Definition 2.2 we firstly note a well-known and easily seen fact that in a distributive lattice L, the join of a finite number of atoms cannot be above any other atom (that is, a ≤ S is impossible for any finite S ⊆ A(L) and a ∈ A(L) \ S).
b) We further note that if L = (L; ≤) is taken to be the lattice S w (G) of all weak subgroupoids of a non-trivial partial groupoid G = (G, f ), then from the description of the (completely) join-irreducible elements of S w (G) in Lemma 2.1 we have that:
is the set of non-zero (completely) join-irreducible elements of the type (T0);
(ii) I(L) is the set of (completely) join-irreducible elements of the types (T1) or (T2); (iii) J(L) is the set of (completely) join-irreducible elements of the type (T3); (iv) there are finitely many atoms below each (completely) join-irreducible el- Assume that L = (L; ≤) is the lattice S w (G) for some partial groupoid G = (G, f ). The above properties yield that the condition (2) is satisfied in the lattice L. The condition (1) follows straightly from Lemma 1.2(e). The condition (3) follows from the fact that the (completely) join-irreducible elements
(where x, y, z ∈ {a, b, c} and f (x, y) = z) are of one of the types (T1) or (T2) or (T3), and for every non-empty finite subset
is one-to-one. Indeed, assume that in 
. By the Hall theorem [3] and by the condition (3), for every
Since all the sets S k are finite, by the Compactness Principle [1] there exists an injective mapping
The partial operation f on the set G is determined as follows: In other cases the value f (a, b) is not defined. We shall use the notation [a, b, c] j ∈ f in case we want to emphasize that f (a, b) = c is obtained from the existence of a join-irreducible element j which covers a ∨ b ∨ c for the atoms a, b, c, and h(j) = [a, b] .
We note that our hypotheses yield the following properties of L:
-every atom is covered by at most one join-irreducible element; -the join a ∨ b of distinct atoms is covered by at most four join irreducible elements;
-the join a ∨ b ∨ c of distinct atoms is covered by at most six join irreducible elements (we note that the existence of
We now define a mapping φ : L → S w (G) as follows:
where
the latter always meaning the existence of a join irreducible element j ≤ x for which h(j) = [a, b]).
To illustrate this, we note that We shall show that the mapping φ is an isomorphism.
In the case A x = A y there exists a join-irreducible non-atomic element j ∈ I(L) ∪ J(L) for which either j ≤ x and j y or j ≤ y and j x. Again we get φ(x) = φ(y) because we either have [a, b, c] 
Let (H, f * ) be a week subgroupoid of the partial groupoid G. Let us denote:
It is obvious that H ⊆ A z and f * ⊆ f z . Now let p ∈ A z . Since L is algebraic and distributive, we get
Similarly as in the previous case it follows that
which gives j ∈ J 0 (because j is completely join-irreducible). Consequently we conclude f * = f z . Claim 3: φ and φ −1 are order-preserving.
This follows from the definition of φ and is left to the reader as an exercise.
Weak subalgebra lattices
In this section we generalize the result of K. Pióro [7] to the class of all finite groupoids and then we will show that the proof runs for any finite partial algebras, too.
Let A = (A; (f
) t∈T ) be a partial algebra of type τ . We denote by ∅(A) the ideal of the lattice S w (A) generated by the partial subalgebra
where f
this partial subalgebra will be denoted simply as (A; ∅, . . . , ∅). It follows that the ideal ∅(A) is the Boolean lattice generated by the set of all atoms of the lattice S w (A). Let G = (G, f ) be a total groupoid. We denote by S(G) the lattice of all its subgroupoids (therefore the subgroupoid (∅, ∅) is not included).
Ä ÑÑ 3.1º If a weak subalgebra B of A does not belong to the ideal ∅(A) then there exists a join irreducible element
D ∈ S w (A) − ∅(A) of the lattice S w (A) such that D ≤ B. P r o o f. Since B / ∈ ∅(A), there is t ∈ T with f (B) t = ∅. If f (B) t (a 1 , . . . , a n(f t ) ) = a, we can put D = {a 1 , . . . a n(f t ) , a}, f (D) t = {[a 1 , . . . a n(f t ) , a]} and f (D) t = ∅ for all t ∈ T \ {t}.
ÓÖÓÐÐ ÖÝ 3.2º Let
We shall show that for any finite groupoid G, its weak subgroupoid lattice S w (G) uniquely determines its subgroupoid lattice S(G). 
